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Abstract

In this paper, we are concerned with the Cauchy problem of the
chemotaxis Keller-Segel-Navier-Stokes system with a logistic
source in  three-dimensions. We explore mathematical
representations that capture the behavior of oxygen, swimming
bacteria, and viscous, incompressible fluids. The local existence
and uniqueness of solution for this system is established by the
classical energy method combined with compactness criteria and
the damping effect of the logistic source.
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Introduction

Chemotaxis refers to the directed movement of cells or organisms
in response to chemical gradients. It describes many biological
phenomena, such as the interaction between cells and the
environment and various biological processes, as well as bacteria's
sensing of chemicals in the environment through receptor proteins
and the regulation of flagella to achieve Chemotaxis. The
chemotaxis model was first introduced by (Keller, Segel,
26(1970)), (Keller, Segel, 30(1971)), as follows:

n, =An—-V.(nVc), x € Q,t >0,
¢ =Ac—c+n, x€eOt>0. (1.1

Here n(x,t)and c(x,t) represent the density of the bacteria and
oxygen concentration at position x and t > 0, respectively.
Chemotactic flux, An denotes migration of the bacteria, Ac is the
diffusion of chemoattractant. The chemotaxis model (1.1) and its
variants have been widely studied by many authors. Tao [3]
studied the condition for the global existence of a classical solution
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to the system (1.1) for n > 2. Zhang and Li [4] proved the global
existence of a classical solution in two spatial dimensions. Nie and
Zheng [5] studied the global well-posedness in the two-
dimensional case where the damping effect of the logistic source
was used. The mathematical analysis of (1.1) and its variant forms
mainly focuses on the boundedness and blow-up of the solutions.
For related work, we can refer to ([6], [7], [8], [9], [10]), and
fruitful results have been achieved in the global existence and
uniform boundedness of solutions. When the space dimension, all
solutions are global and bounded. It is well-known that for large
classes of initial data, solutions of system (1.1) blow up when the
space dimension and the total mass of cells are large, while global
bounded solutions can be generated under small conditions on the
initial data ([11], [12], [13], [14], [15], [16], [17], [18], [19]). For
the more related works in this direction, we mention that a
corresponding quasilinear version has been deeply investigated by
([20], [21], [22], [23], [24]).

In recent years, the chemotaxis model that has received the most
attention in study has been the classic Keller-Segel system with

indirect signal production:

u; = Au—V.(uVv) + ku —pu?, x € Q,t >0,
vy =Av—v+u, x €Q,t>0. (1.2)

The model (1.2) describes a part of cellular slime molds with the
chemotaxis at the life cycle. Where u and v respectively denote
the population density of cells and the signal concentration of
chemical, with a smooth boundary 0Q. Here, ke R, u > 0,7>0
are parameters reflecting proliferation and death of cells in a
logistic law, +u represents the spontaneous production of the
attractant and is proportional to the number of amoebae u, while
—v represents decay of attractant activity. More precisely, Winkler
[25] derived that system (1.2) admits a unique global-in-time
bounded classical solution if x is large enough and initial data is
sufficiently smooth. Subsequently, a large body of works is
devoted to studying qualitatively and quantitatively on x when
logistic damping suppresses bacteria aggregation. The model (1.2)
admits a global bounded classical solution in R!, as demonstrated
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by Osaki and Yagi [26]. They also derived similar results in R? [27,
28] in 2002. Furthermore, the chemotaxis is described by related
mathematical models. Hattori and Lagha [29, 30] showed the
global existence and asymptotic behavior of the solutions for a
chemotaxis system with chemoattractant and repellent in three
dimensions. Duan, Liu, and Zhu [31] proved the time-decay rate
by the combination of energy estimates and spectral analysis.
In this paper, we are concerned with the following initial value
problem of the Keller-Segel-Navier-Stokes system with nonlinear
diffusion:

d:n + u.Vn = An — xV. (nVc) — pn + tn?
Jiu +u.Vu + Vr = Au —nVe

dic +u.Vec = Ac —nc+ ac
ov+u.Vv=Av+nv—yv

Vu=0 t>0, x€R3 (1.3)

With initial data

(M, u, ¢, V) |¢=0 = (no(x),uo(x), Co(x), Vo(x))' x €R3, (1.4)
where (no(x),uo(x),co(x),vo(x)) - (0,0,0,0) as [x| = oo. We
begin with a brief description of the system (1.3), which
characterizes the interaction between cells, their fluid environment,
and chemicals contained therein. Here,n = n(t,x), ¢ =
c(t,x),and u = u(t,x) denote the cell concentration, the oxygen
concentration, and the fluid velocity field of the surrounding
environment respectively. In addition, 7 = m(t,x) is unknown
pressure, and ¢ is the gravitational potential function. The
chemotaxis term —xV. (nVc) shows that cells are moving towards
a high concentration of oxygen. While n, = ny(x), uy = uy(x), ¢
= co(x), and vy, = vy (x) are the given functions, the constants
p>0, >0,y >0, x>0. A simple model case can be
obtained upon the choices Vo = const., x = 1.
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This paper is organized as follows: In section 2, we present
notations and some assumptions that will be used throughout the
whole paper and state our main result. In Section 3, we prove the
local-in-time existence of solution for a three-dimensional
chemotaxis system with incompressible Keller-Segel-Navier-
Stokes equations.

2. Main result

We first introduce some notations that we will use later in this
paper. Let 1 < P < oo, we denote LP for the Lebesgue space on Q,
and the norms in the space LP(R3) are denoted by II. 1|, For
nonnegative integer K, we denote by HX the Sobolev space of
order K. Set L? = H, the norm of HX is denoted by ||. | ;x. We set
0% = 0,10,20,. for a multi-index a = [ay, @, a3] and length of
ais |.| =as3+a, +a3. C and C;, where i = 1,2, denote some
positive (generally small) constant, where both C and C; may take
different values in different places. Let us denote the space

X(0,T) = {(n,u,c,v) € C([0, T]; H3(R®)) n C*([0, T]; HL(R®)),
(Vn, Vu, V¢, Vv) € L2([0, T]; H3(R®))}.

The main goal of this paper is to establish the existence of unique
local solutions in three dimensions for the above system (1.3). The
main result of this paper is stated as follows.

Theorem 2.1. There exists a positive number g, such that if

||no; Ug, Cp, Vo ||H3 < &,

then the Cauchy problems (1.3)-(1.4) of the Keller-Segel-Navier-

Stokes system admits a unique local solution (n, u, ¢, v) with
(n,u,c,v) € X(0,T).

The proof of the existence of local solutions in Theorem 2.1 by

constructing a sequence of approximation functions based on

iteration and some basic energy estimates. Let W(t) = (n,u,c,v)
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be a smooth solution to the Cauchy problem of the chemotaxis
system (1.4) with initial data W, = (ng, uy, ¢o, vo)-

3. Existence of local solutions
In this section, we show the proof of Theorem 2.1. We construct

the sequence (n),w,d),v));;, by iteratively solving the Cauchy
problem on the following:

9Tt — At 4 prtt = —y VIt — V. (R VeI ) +on)?
ot — AWVt = — vt — Vg

9, It — Ac/t + acdtt = —ul VIt —nd it (3.1)
0/t — AVt ypI T = ) VIt nd T

Vutl=0 t>0, x€eR3,
With initial data

(nj+1,uj+1,cj+1,vj+1)|t=0 = (ny, Ug, Cor Vo), X ER3, (3.2)
forj > 0, where (n°%u® c%v°%]|.~ = (0,0,0,0) as [x| - oo, is set
at the initial step. For simplicity, In what follows, we write
Wi = (nf,uj,cj,vj)jzoand W, = (ng, ug, Co, Vo), Where WO =
(0,0,0,0). Next, we prove that (Wj)j20 is a Cauchy sequence in
the Banach space C([0,T;];H3) for T; > 0 suitable small. At last,
by taking the limit and continuous argument, we prove that
(n,u,c,v) is a local solution to (1.3)-(1.4). Now, we can state the
following result:
Theorem 3.1.
There are constants ; > 0, T; > 0,M > 0 such that if the initial
data Woe H3(R3) and |[W,llys < &, then for each j >0, W €
C([0, Ty)]; H?3) is well defined and

sup [WO[,;s <M. (3.3)
0<t<T,
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Moreover, (Wj)]-20 is a Cauchy sequence in Banach space

C([0, T,]; H3), the corresponding limit function denoted by W
belongs to C([0, T;]; H3) with

sup IW®lps =M, (34)
0<t<T,

and W = (n,u,c,v) is a solution to the Cauchy problem (1.3)-

(1.4) over [0, T;]. The Cauchy problem (1.3)-(1.4) admits at most

one solution We C([0, T;]; H3), which satisfies (3.4).

proof
We use the induction to prove (3.3). The trivial case isj = 0 since
by the assumption at the initial step. Suppose that (3.3) holds for
some j = 0 where M is small enough. To prove (3.3) holds for j +
1, we need some energy estimates on (n/*1,u/*1, c/+1 p/+1),
Applying 0 to both sides of the first equation of (3.1), multiplying
by 0%nJ*1, and integrating over R? with |a| < 3, we obtain

%% R3|aani+1|2 dx — f]R3 %A1 gonitldx
+p J|6“nj+1|2dx =— jao‘(uj.an“) 0%n*t dx
R3 R

— [ 0°V. (V) 0t dx + 7 [, 0%t 9%nJ? dx. (3.5)
By using integration by parts, we have

1d
2dt
= — f aa(uj_ an+1) aanj+1 dX — f aa(njvcj+1) aavnj+1 dX
R3 R3
+1 [0, 00T 9% dx. (3.6)
Where the terms on the right-hand side are bounded by

0t [ o+ p o P

o 9+ o 965 i1

+ Clnlle 11927 el e
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Then, after taking the summation over |a| <3 and using the
Cauchy inequality, we have

1d . :
S+ o + o
< C||(u],n])||H3 ||V(n]+1, cj“)”;3 + C||nj||;3. (3.7)
By the same Way for (3.1), on W*?!, we have

o f 0w+t |*dx + f v 0eui1 [P =

- f 9°Vm/ T, 9%t dx — f 0%(w. vutt). 9%uttdx
R3 R3
+ [50%(Vni@). 0% dx . (3.8)
By using the Cauchy inequality the right-hand side of the previous
equation is bounded by
Clflge 1962 [ + € 1]l +% [vu s

Then, after taking summation over |a| < 3, we have

1d 2 1 a2
L e, + L e,
< c ]| + Clw s 1w (3.9)

By the same way, for (3.1); on c¢/*1, we have
> fR3|6°‘c]+1| dx + fR3|V6°‘c1+1| dx+afR3|6“c1+1| dx
— o 0% (W. VA1) 9% dx — [, 0%(nIc*T) 9%t dx . (3.10)
The terms on the right-hand side of the previous inequality are
bounded by

C 1l 196+l 765 e,

By using the Cauchy inequality, we obtain
: 2 : 2
| e + 5 196 e + 5 e e
SCll(u’}ni)II;IIVc"“II;- (3.11)
By the same way, for (3.1), on vi*1, we obtain

2dt|
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%% fR3|6°‘vj+1|2dx+

fR3|V 6“vj+1|2dx +y fR3|6°‘vj+1|2dx

= — f@“(uj.ij“) 0% vitldx
]RS

— [z 0%(nIv1*1) 0%t dx . (3.12)
The terms on the right-hand side of the previous inequality are
bounded by
C [[ulll o 1707 s+l 707 s (102l

Thus, we get
1d
2dt
<l )L v, (3.13)

By taking the linear combination of inequalities

(3.7),(3.9),(3.11),(3.13) leads to

d ; 2 ; 2 : 2 . 2
zac A s + s + 1+ s + o7

+Cy ||Vt uitt, o, vj+1)||;3 + Gyt Cj+1’vj+1||12-13

. 2 1 . 2 ]/ . 2
e s R (8

< ||, W7,
+ C||(uj,nj)||;3||V(nj+1 , Wt cj“,vj“)”;. (3.14)
Thus, after integrating (3.14) over [0, t] for all t €[0, T, ], we have

t t
||Wj+1(t)||;3 +C, f||ij+1(s)||;3ds +C, f||n1'+1,cj+1,vj+1”;3
0 0
t
< Cl[Wollfz +C f”Wj(s)”;ds
0
e fWE|, W) . ds,  (3.15)
0 H3 3 '

for some positive constants C; and C,. From the inductive
assumption, the previous inequality can be re-estimated as
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t
(W @ + & [ ITw @) ds
0

t
+ sz”nj“, cj+1,vj+1||;3ds
0

< Ce? + CM2T, + CM2 [[|[vW*1(s)[|",ds,  (3.16)

for any 0< t < T;. Now, we take the small constants & > 0, M >
0 and T; > 0. Then, we obtain

||Wj+1(t)||;3 +C, fot||vwi+1(s)||;3ds n

C, f [+, cj+1,vj+1||;3ds <M? (317
for any 0 < t < T;. This implies that (3.3) holds for j + 1, Hence
(3.3) is proved forall j = 0.

Next, we define the equivalent energy functional
j+1 — [Ii+1]|% j+1]|? j+1]|2 j+1|2
EQWHL(©) = [ | s + [0 [ + ([P s + [ -

Similar to prove (3.17), we have
[E(W*(6) — E(W* (s))| =

[L - EWI (D) dr|

< C [WIE@|: dr++ C [+, o+, | de +

CLA+ W) [VWiH (|, de

t
< CM%(t—s)+C(1+ Mz)j”VWj“(T)“; dt (3.18)
S

forany 0 < s < t < T;. Here, The time integral on the right-hand
side from the above inequality is bounded by (3.17), and hence
E(WI*1(t))is Continuous in t for each j > 0.By the same

S 197 and [0+, are
continuous in t. From the continuity of E (W/*1(t)), we can also
infer the continuity of ||nj+1||il3. Therefore, ||WJ'+1(t)||i3

is continuous in time forany j > 1.

argument, we can infer that ||u/*?||
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Now, we prove that the sequence (Wj)j>0is a Cauchy sequence in
the Banach space C([0, T;]; H3), which converges to the solution
W = (n,u,c,v) of the Cauchy problem (3.1)-(3.2), and satisfies
(3.4). For simplicity, we denote §f/*! = f/+1 — fJ. Taking the
difference of (3.1) for j + 1 and j so that it gives:

06Tt — ASTY + ponItt = —u. VeIt — Sul. Vi)
—V.(WV8I*Y) — V. (nIVd)) — t6ni?
90wt — ASut?
= —Véwtl —uw.Vsut! — fu. VU — 6niVe
0,6t — ASCITY + adcit?
= —uw.Véct — §UW.Vd — niScitt — dnid),
06Vt — ASVITL + ySvIt =
—w. Vvt — SW. Wl + —nSvitt — sniv),
V.sutlt=0, t>0,xeR3®. (3.19)
By using the same energy estimates as before, we have

2
> llon ’“II Ve + 2 s+

< C||(5U’»5n])||Ha||V(n’,C])||;3
|, ) |l (802, S 1)
+C||V6cj+1||23 (3.20)

saellou ’“II +5 llveu |,

< c[lully [lveul;,

+c||5ui||:3 ||Vuj||;3 e ||6uj||;3 (3.21)
14d

50 186 [ + cllsci*H I, + cllvec*|[, <

cll,u)|", ||V6cj+1||:3+ clln, su)>, [Ivel]ls, (3.22)
. 1 .

ey 1+1|| + Low i + 5 lvsv | <

C||(n’,u’)||H3 ||v5 #|° x|, s}, Vo], . (3.23)

We combine the equations (3.20)-(3.23) to get
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1d

R 2 . 2 s 2
3 BloW + clvow [, + clon ],

+C ||aci+1||;3 + c||svi+1||;3
< cllswl||”, +cllew], [[vwi]
- H3 H3 H3

Wil 78w (3.24)
By integrating over [0, t], we obtain

t
w1, + ¢, j [vswitt | ,ds
0
t
+ G, f”c?nj“,6cj+16vj+1)||;3ds
0

t
< CA+MAT, syp [lSW]7, +CM? J||V6Wj+1||il3ds,
0

0<t<T,
for any 0 <t < T;, which by smallness of M and T, implies that
there is a constant 8 € (0,1) such that

Sup ”6Wj+1”H3 <6 Sup ”6Wj”H3,
0<t<T, 0<t<T,

for any j=>1. It can be seen from the above inequality
that(Wj)]_>0is a Cauchy sequence in the Banach space
C([0, T,]; H?). Thus the limit function

iooo

i
W =W?° + lim Z(Wi+1 - W)
j=0
exists in C([0, T,]; H3(R?)), and satisfies

sup IWOllgs < sup lim inf WO, <M. (3.25)
0<t<T, o<tsT,? ~%
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Finally, we show that the Cauchy problem (1.3)-(1.4) admits at
most one solution in C([0, T;]; H3(R?)). Suppose that there exist
two solutions W, W in C([0, T, ]; H3(R3)) which satisfy (1.4). Let
n=n,(x,t) —n,(x,t), % =u(xt) —uy,(x,t), ¢=c(xt)—
c(x,t),and ¥ = vy (x, t) — v,(x, t)
solves

9, 7l — AL + pfi = —uy. VA — 1. Vn, + V. (n, VE)

—V.(AVcy) —1(ny + ny)n
0 U—AU+ VR =—u, Vi —uV-u, — Ve

0; ¢ —AC + af = —u,.V¢ —1i.Vcy + fic, + n4C
0 V—AD+yD = —u,. Vi
—i.Vv; + v, + ny 7. (3.26)

Multiplying 7 to both sides of the first equation of (3.26) and
integrating over R3, we have

f ﬁatﬁdx—f 7l Afidx
R3 R3
+pj Afidx
R3
= —f l ul.Vﬁdx—f i U.Vnydx
R3 R3

- j AV. (n,V&)dx — f AV. (Ve )dx
R3 R3

— ‘L'f il (ny + ny)fidx.
R3

Then, after using integration by parts and the Cauchy inequality,
we obtain

d 2 12 112
Z_dt”n”LZ + pllfill 2+ VAl

< Cllugllpe | (1721 + |VA*)dx
R3
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T CllVn, Il f (112 + [ dx
RB

+ Clingllye f (VAL + [VE[2)dx
]R3

FClVelle [ (12 + VAl dx
RB

+ 7||(ny + ny) |l 3Iﬁlzdx. (3.27)
R

For the estimate of #%, multiplying @ to both sides of the second
equation of (3.26) and taking integrations in x, we obtain

fﬁ.atﬂdx—f . Atidx
R3 R3

= —f . Vitdx —j . (V- uy)dx
R3 R3

—f ﬁ.(uz.Vﬂ)dx—f 1. (MVe)dx.
R3 R3

By using integration by parts and the Cauchy inequality, we have

a ~ ~ ~
s lEl + IVaEll7 < ClIV - wll eIl +

Cllug Il (TN +NV. G122 + ClVell o (1072 + 1I17l2).

Since L norms of o, u’, ct where i = 1, 2 are bounded, we have
d . _ _ _
m ”ulliz + C”Vu”iz < C”Tl”iz + CIIuIliz (328)
Similarly, as above, we estimate ¢ as follows:
d . .
C¥T: Il + ClIvellZ. + cliell?

< c(llellz + I17ll% + l1gllz).  (3.29)
Similarly, as above, we estimate 7 as follows:

d .
577 19117 + CIVall + CllollL
< c(II9llZ + IAl% + lallZ).  (3.30)
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Then, after taking the linear combination of all estimates, we
obtain

m(llﬁllfz + a7z + el + 191172)

+ CL(I1AllZ2 + lI€NIZ2 + 15|%)
+ Co(IVANZ+IIVElZ + IVl + [IVE|%)
< C(I1AlZ + lallZ + lléllz + IB11%).  (3.31)

By applying Gronwall’s inequality to the above equation, we have

~112 ~112 ~112 ~112
sup (170122 + N8llZ + NlElZ + 1117)
0<t<Ty

< en(IAOI% + 20)1% + [16(0)]I%
+ 150 I72).

Since the initial data of (7A,%, ¢, ¥) are all zero for T > 0, that
implies the uniqueness of the local solution.

Conclusion

In this paper, We have established the local existence and
uniqueness of classical solutions for the three-dimensional Keller—
Segel-Navier—Stokes system with nonlinear diffusion and logistic
source. We showed the existence of unique solutions by the energy
method. We used integral by parts, Cauchy —Schwarz inequality,
and Gronwall's inequality to prove the local existence and
uniqueness of solutions.
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